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Experimental Verification of a Test-Based Hybrid
Component Mode Synthesis Approach

Y. Soucy*
Canadian Space Agency, Saint-Hubert, Quebec J3Y 8Y9, Canada
and
J. L. Humar'
Carleton University, Ottawa, Ontario KIS 5B6, Canada

A new approach to component mode synthesis in which the characteristics of individual components are de-
termined experimentally through modal and static tests is described. The component characteristics used in the
technique are the mass matrix, rigid-support normal modes and frequencies, residual flexibility attachment modes,
and static constraint modes. All component characteristics, except the mass matrix, are obtained through tests. A
novelty of the approach is that it allows determination of the test-based characteristics by testing the components
when they are attached to supports of arbitrary stiffness. This procedure obviates the need for providing fully rigid
or highly flexible supports, as is normally done. In addition, reaction forces at the supports need not be measured
during modal testing. The approach has considerable potential for application in testing of large flexible space
structures. The theoretical formulationis summarized. The effectiveness of the procedure is experimentally verified
by obtaining estimates of the modal parameters of a free-free beam and a free-free grid structure. It is found that
the system parameters obtained from the proposed approach exhibit significant improvement in accuracy when a
certain minimum number of residual flexibility terms are included in parameter estimation. This is particularly

true when the structure being tested is complex.

Nomenclature

vector and matrix subscripts denoting

degrees of freedom

external forces imposed during static test

force vector

residual flexibility matrix
frequency-responsefunctions (FRFs) in flexible
support configuration

FRFs in rigid support configuration

identity matrix

generalized system stiffness and mass matrices,
respectively

stiffness and mass matrices, respectively
generalized stiffness and mass matrices,
respectively

effective constrained coordinate stiffness matrix
generalized Ritz coordinates
independentsystem generalized coordinates
support reactions produced during static test
transformation matrix from x to p

displacement vector

residual flexibility attachment modes
displacements during static test

diagonal matrix of squared frequencies

static constraint modes

mass-normalized retained normal mode shapes
= submatrix of A related to displacements along
free degrees of freedom
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w = frequency of vibration

I. Introduction

HE class of methods known as modal synthesis or component

mode synthesis (CMS) providesan effectivemeans of dynamic
analysis of very large and complex structures. In these methods, the
structureis first divided into a number of components. The dynamic
characteristicsof individual components are usually represented by
their normal modes and frequencies, which can be either evaluated
from the analysis of the finite element models of the individualcom-
ponents or determined experimentally. These componentcharacter-
istics are often supplemented by static modes. Models of individual
components derived from their dynamic and static characteristics
are coupled by using the conditions of compatibility and equilib-
rium between components at the interfaces. The coupling permits
an evaluation of the mode shapes and frequencies of the assembled
structure or system, as well as of its response to a specified load.!

For large and complex structures, analytical determination of the
dynamic characteristicsof individual components may be both time
consuming and expensive. Also, analytical modeling may involve
unacceptableuncertainties. In such situations, the use of modal test-
ing is often the preferred approach for determining the dynamic
characteristics? Testing is also useful in validating the finite ele-
ment models of complex structures. One important application of
test-based modal synthesis is in the design and analysis of large
space structures. For such structures, testing of the entire assembly
is not possible, and component testing provides the only effective
alternative.

For test-based CMS methods, the choice of boundary conditions
under which modal testing is performed is a key element. Normally,
one of two alternative procedures is used in the modal testing of
individual components. In one approach, the componentis attached
to several rigid supports. The attachment points usually include
the interface degrees of freedom (DOF). The corresponding fixed-
interface normal mode CMS method uses the normal modes and the
static constraint modes to characterize the individual component?
Although conceptually simple, this approach presents considerable
difficulty in practical testing because the construction of truly rigid
supports is impractical and expensive. As mentioned by Ewins,*
approximation of grounded conditions requires extraordinary
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precaution in designing the rigid support(s). In the other approach,
modal testing of the components is carried out in a free—free
configuration. The correspondingfree-interfacenormal mode CMS
method uses the normal modes and residual flexibility attachment
modes to characterize the individual component’ In practice, the
test article is suspended by very flexible strings or cables so that
the rigid-body mode frequencies are at least an order of magni-
tude smaller than the fundamental frequency of the test article. A
practicaldifficulty in this method is in providinga truly flexible sus-
pensionsystem. The test procedureusually requires the provisionof
tall bulkheads for the attachment of cables. In fact, serious problems
arise in the testing of zero gravity large space structures. They are
so flexible that it is presently quite difficult to design a suspension
system with a frequency that is significantly lower than the lowest
frequency of the test structure, and even when such a suspension
system can be built, it is quite complex and expensive.’

Another group of CMS methods comprises methods based on
the use of hybrid-interfacenormal modes for which the component
interfaces consist of combinationsof free and fixed DOF. Craig and
Chang illustrate the use of attachment modes in a hybrid-interface
method.’

In view of the practical difficulty in providing either truly rigid
supports or a suspension system that is very flexible, a new ap-
proach to test-basedmodal synthesishas recently been developed”-8
The new procedure is referred to as the experimental hybrid CMS
method. The approach allows the determination of fixed-support
normal modes and constraint modes from tests on a component at-
tached to supports of arbitrary stiffness. This procedure obviates
the need for providing either fully rigid or highly flexible supports.
Also, reaction forces need not be measured during modal testing.
The suggested procedure, however, relies on an analytical determi-
nation of the mass matrix. The experimental hybrid CMS method
has considerable potential for application in test-based modal syn-
thesis of large structures, particularly of large and flexible space
structures.

The theoretical formulation for the experimental hybrid CMS
method has been described in Refs. 7 and 8. Results of computer
simulation studies have been presented in Refs. 7 and 9. Those
studies have shown that the method is quite feasible and is not very
sensitive to the level of errors expected in the estimated component
parameters. The focus of the present paper is on the presentation of
an experimental verification of the proposed method. For the sake
of ready reference, a brief summary of the theoretical formulation
is presented in Sec. II. Details of the experimental verification of
the procedure based on testing of a free—free beam and a free—free
grid structure are given in Secs. III and IV, respectively.

II. Theoretical Background

A. Component Modes

The CMS procedure presented here uses a series of Ritz vectors
to represent the motion along the unrestrained physical coordinates
of individual components. For the purpose of testing, additional
restraintsor supportsare introduced, thereby fixing several DOF that
are unrestrained in the original structure. Such supports are often
essential for the testing of very flexible structures, particularly those
that are unable to support their own weight under gravity. Some of
the additional restrained DOF are in the interior of the component,
whereas others are at the interfaces with adjoiningcomponents. The
first of the series of Ritz vectorsis a set of normal modes derived for
a configuration in which the component is rigidly supported at all
restrained DOF that already exist in the componentas well as those
that are introduced for the purpose of testing. These rigid-support
normal modes ® ;. are supplementedby constraintmodes A, and
residual flexibility attachment modes I';,. Because the procedure
is based on test data and because a combination of three different
types of mode shapes is used, the present method is referred to as
the experimental hybrid CMS method.

For a presentation of the theoretical basis consider a system that
is divided into two or more free—free components. Each component
has several sets of DOF. The total number of DOF in the component
is M. These are dividedinto set s containing DOF that are restrained

by supportsintroducedfor the purposeof testingandset f consisting
of the free DOF. Set f is further subdivided into subset a of free-
interface DOF and subset i of free-interior DOF. There are N, DOF
insets, N, DOF in set f, etc.

When damping is neglected, the partitioned equations of motion
of a component are expressed as

me omy | [%; ki ke |[x, X
A | T B L ER | T I )
ms/' mg; X ks/' kss Xy fv
where x is the vector of acceleration.

Rigid-Support Normal Modes

These normal modes are obtained from the free-vibrationeigen-
value problem derived from the first row partition of Eq. (1), with
X, x,,and f, =0:

(ky —w’myr)p =0 2

Solution of Eq. (2) leads to the natural frequencies w,, w,, . .., oy,
and the corresponding orthonormal mode shapes ¢, ¢2, ..., N, -
Of the N, normal modes, only k (k < N;) modes are retained in
the Ritz transformation. The correspondingmodal matrix ® ;; is of
dimension N, X k.

Residual Flexibility Attachment Modes

An attachment mode is a static displacement shape of the com-
ponent along its free DOF caused by the application in turn of a
unit force along each of the free interface DOF, whereas the dis-
placement along the fixed DOF are zero. The attachment modes
can be represented by a linear combination of the M rigid-support
normal modes and rigid-body modes of the component. Thus, if all
M modes were to be included, the attachment modes would be re-
dundant. However, if only some of the normal modes are retained,
the contribution of the deleted modes to the displaced shape can be
represented by the so-called residual flexibility attachment modes.
There exist N, residual flexibility attachment modes forming the
matrix I's, (N; x N,). These modes are obtained from

O[a
Dwﬁ@;GM[m} 3)

in which 0;, is a null matrix of dimension N; x N,, I, is an identity
matrix of dimension N,, G4, and G%_ are the columns of matrix G,
correspondingto the i and a DOF, respectively.Matrix G‘j./. is called
the residual flexibility matrix. It may be seen as the contribution of
the deleted modes to the componentflexibility and can be expressed
in terms of such modes and the corresponding frequencies as

Gj, = ®,,0,, 9], 4)

where ® ;, are the deleted modes and ®,, is the diagonal matrix
of squared deleted frequencies. Matrix G%, may be obtained either
from an analytical model or from results of modal testing.

Constraint Modes

Because the rigid-support normal modes and the residual flexi-
bility attachment modes specify zero displacement along the fixed
DOF s, these modes cannot, by themselves, describe a component
displaced shape that may include displacements along such fixed
DOF. The normal modes and residual flexibility attachment modes
are, therefore, supplemented by another set of static displacement
shapes, called constraint modes, resulting from the application of a
unitdisplacementin turn at each of the fixed DOF in set s. Constraint

modes are given by
N4 s
Am=[é} )

where W, the matrix of static displacements along DOF f, is
obtained from



914 SOUCY AND HUMAR

B. Coupling of Components

For each component, the Ritz transformationrelating the physical
coordinatesx to the generalizedRitz coordinatesp can be expressed
in a partitioned form as

Pk
Xyr _ q)/'k F/'a ‘I’/'s
[xs i| B [T] [p] [ Osk Om Iss i| Pa (7)

s

where T is a transformation matrix. The transformed stiffness and
mass matrices may be obtained from

k=TTkT, m=T"mT ®)
When T is substituted for and the orthogonality properties of the
mode shapesare used, it can be shown that the transformed stiffness
matrix in generalized coordinatesp is given by

O 0 0
k=] 0 G o0 ©)
0 0 K

where @y, is the diagonal matrix of the squared frequency of the re-
tained normal modes and G¢, contains the rows of G‘/i.a correspond-
ing to the a DOF. Matrix k7, is a reduced stiffness matrix given
by k', =k, —k; /-k; /l.k 155 it is referred to here as the effective con-
strained coordinate stiffness matrix.

The transformed mass matrix is given by

Ikk

s
Il

i

When conditions of compatibility and the standard procedure
of direct stiffness assembly are used, the transformed stiffness and
mass matrices of individualcomponents are assembled to obtain the
global system matrices K and M. The mode shapes and frequencies
of the assembled structure or system are then obtained by solving
the eigenvalue problem

Mi+Kg=0 (1)

C. Experimental Evaluation of Component Normal
and Constraint Modes ~

To evaluate the transformed stiffness and mass matrices, k and m,
we need to know the retained frequencies of the component wy, the
corresponding mode shapes ® ;;, the residual flexibility submatrix
G‘j.a, the constraint mode submatrix W ,,, the effective constrained
coordinatestiffnessmatrixk?,, and the mass matrix. The mass matrix
is obtained analytically, whereas the others are obtained through
testing.

Normally, the number of measured DOF is much smaller than
the number of DOF in the finite element (FE) model. In particular,
response along rotational DOF are seldom measured during modal
tests due to instrumentationlimitation. Consequently, the analytical
mass matrix must be reduced to the measured DOF. Mass matrix
reductionis part of the larger problem related to the reduction of the
property matrices of a system includingits analyticalmass and stiff-
ness matrices.Issuesrelated to model reductionare as relevantto the
testingofacompletesystemas they are to the testingof acomponent.
They have been dealt with more thoroughly in an extensivebody of
literatureand are outside the scope of present work. It may, however,
be stated of the several methods developed for model reduction two
of the most popular techniques are the Guyan and system equiva-
lent reduction/expansion process (SEREP) methods. As shown by

Avitabile et al.,'° the Guyan method produces frequencies that are
higher than those of the full model, whereas the SEREP method pre-
serves the modal characteristicsof the full model for selected modes
ofinterest. Judiciouschoice of the retained DOF will reduce the pos-
sible inaccuraciesresulting from reduction of the mass matrix. Such
a selection includes deleting the DOF for which the corresponding
inertia term is small. Additional work is required on the impact of
model reduction and the number and distribution of measured inte-
rior DOF on the accuracy of this new experimental CMS approach.
The modal parameters w, ® 74, and G‘/i.a are requiredfor a config-
uration in which the componentsare fixed along the supported DOF,
implying zero displacementalong such DOF. As mentioned earlier,
provision of truly rigid supports is not a simple task, especially for
large complex structures. However, the required parameters can be
derived from modal tests on a component whose supports are not
fully rigid but have arbitrary stiffness. It can be shown that the fre-
quency response function (FRF) matrix of a component on fully
rigid supports, H*, is related to the FRF matrix H for the same
structure on supports of arbitrary stiffness by the equation'!

H;, =H; —H;H H,; (12)

where the matrices of the right-hand side of Eq. (12) are partitions
of H. The required rigid-supportmodal parameters are obtained by
curve fitting the FRFs that make up H*.

As seen from Eq. (12), excitationlocations or driving points must
include all supported DOF. Mandatory driving points also include
one interior DOF. In practice, at least two interior DOF should be
selectedas driving pointto allow for reciprocity check and to ensure

0. (¢4,) "m, G,
(Whmyp +m )@y () mp+m)G

‘Iﬁk (m//‘I’/s + m/'s)
T
(GL,) (myy®p +my,)

Wiom W+ WLy,
+ ms/"II/'s + mg J

(10

I

that no modes are missed due to the excitation being located at a
modal node. These interior driving points should be well separated
to allow for meaningful reciprocity check and should be located
where significant deformation is present for the retained modes as
predicted by the FE analysis.

Equation (12) contains the inversion of matrix H,,, which is re-
lated to the supported DOF. Because these supports are introduced
only for the purpose of testing, considerable flexibility exists in the
selection of their location, subject of course to practical limitations
such as local rigidity of the component and ease of attachment.
Therefore, the supported DOF may be selected so that they are well
separated, which would also be the logical choice to ensure that the
component is not damaged under its own weight. With such a se-
lection, individual columns of Hy will be quite distinct, the matrix
will be well conditioned, and measurementerrors will not cause any
problem in obtaining an inverse of the matrix.

The constraintmode submatrix W /; and the effective constrained
coordinate stiffness matrix k¥, are obtained from static tests on the
component supported by supports of arbitrary stiffness. As shown
in Refs. 7 and 8, ¥, is given by

‘Ilj's = A/'XAS_SI (13)

where the Ng columns of Ay, are linearly independent static dis-
placements imposed along the supported DOF s and A ;, contains
the corresponding displacements produced along the free DOF f.
Also, the effective constrained coordinate stiffness matrix may be
expressed as

k= (F, +R)AY (14)
where F, are the external forces along the supported DOF that

produce displacements A, and R;, are the corresponding support
reactions.
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A straightforward procedureis used for obtaining the N linearly
independentcolumns of A;,. The procedure consists of disconnect-
ing, in turn, each of the supports and imposing a displacementalong
the DOF released by the removed support. The resulting displace-
ments along the other supported DOF are significantly smaller than
the imposed displacement. Consequently, the Ng displaced shapes
are linearlyindependent.Practical details of the proceduresare given
in Sec. III.

III. Experimental Verification Based on Tests
on a Free-Free Beam

The results presented in this paper constitute a part of a test pro-
gram on experimental verification of the CMS approach and its
associated test procedures. The test program included application
of the approach to three different systems of increasing complex-
ity. The first system to which the CMS approach was applied was
a fixed—fixed beam consisting of two components; the results from
that study have been presentedin Ref. 12. The results obtained from
the application of the CMS method to a free—free beam are given
in the present section. Tests on a grid structure are presented in the
next section.

A. Flexible Supports

As stated earlier, for the purpose of testing, individual compo-
nents are supported by supports of arbitrary stiffness. These sup-
ports, referred to herein as flexible supports, constitute a key piece
of equipment required for the present test program. Such supports
are required to create a sufficient number of restrained DOF to pre-
vent large flexible structures, such as spacecraft appendages, from
deforming too much and breaking under their own weight. The flex-
ible supports were designed to provide only vertical restraint to the
test article at a single location, while allowing freedom of motion
in the horizontal plane and about three orthogonal rotation axes. As
indicated by Eq. (12), the derivation of even a single column of H*,
correspondingto one DOF selected out of f, requires a knowledge
of matrices H s, and H,,. This implies that an excitation must be ap-
plied and the applied excitation, as well as the response, measured

Fig. 1 Flexible support and its components.

along each supported or restrained DOF (set s). Thus, limiting the
restrained DOF to only vertical translation significantly reduces the
complexity of modal testing [and of static tests to a certain extent,
as seen from Eq. (14)].

A flexible support is made up of four separate components:
1) an upper section, 2) two pedestals mounted on the test floor,
3) two upper section fixtures, and 4) an attachment or connection.
The upper section consists of a horizontal rectangular bar that pro-
vides almost all of the flexibility of the support. The two pedestals
rigidly hold the upper section at its extremities, through the upper
section fixtures. The attachment is a device that connects the up-
per section to the test article and is the part that provides the five
free DOF. All of the components of a flexible supportare visible in
Fig. 1, which shows one component of the fixed—fixed beam in a
static test configuration.

B. Test Articles and Boundary Conditions

The free—free aluminum beam to be tested is shown in Fig. 2.
It has a length of 9.75 m (32 ft) and a uniform rectangular cross
section of 26 x 153 mm. The beam is divided into two components
with lengths of 5.18 (17) and 4.57 m (15 ft), respectively. The two
components are interconnected at a single node having two DOF,
translation in the vertical direction and rotation about an axis per-
pendicular to the plane of the paper. For the purpose of testing,
each component is supported in the vertical direction on three flex-
ible supports at the following locations: at the interface (DOF 1), at
2.44 m (8 ft) from the interface (DOF 9), and at 0.3 m (1 ft) from
the other extremity of the component (DOF 17 or 15). For both
components, the free interface DOF is labeled 1001.

The rigid-support configuration for component 1 is the target
configurationin which there is no displacementalong the supported
DOF (1,9, and 17) and with which the H* related FRFs are associ-
ated. The modal parameters obtained by curve fitting the H* related
FRFs are used in the CMS procedure. The test configuration is the
one in which the componentis attached to flexible supports, located
at DOF 1, 9, and 17, and for which the H related FRFs are directly
measured.

Because of potential problems in the testing of a 9.75-m-long
beam, the reference modal parameters of the free—free beam are ob-
tained through an FE analysis, instead of from modal testing. The
modal parameters obtained from test-based CMS will be compared
with their reference values. The physical properties (Young’s mod-
ulus, moment of inertia, mass) used in the analytical models are all
based on measurements.

C. Estimation of H* Through Modal Testing
Test Description and Instrumentation

For the modal test of component 1, that is, the longer beam, a
total of 27 accelerometers were fixed on the upper face of the beam
(Fig. 3) to measure accelerations in the vertical direction. There
were 18 of these accelerometers located on the centerline of the
beam along DOF 1-18, at a uniform spacing of 305 mm (1 ft).
Six accelerometers were located on either side of the centerline at
three different cross sections corresponding to DOF 2, 8, and 16.
These sensors were used to identify the torsional modes or coupled

Kk——— 5182 mm (17 ft)

f 1

—% 4572 mm (15 fy —)

‘1
‘4‘ 1001

Component 1

1

o1 1 1

Component 2

Fig. 2 Free-free beam and its components.
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Fig. 3 Location of response DOF for modal testing of component 1 of the free-free beam.

bendingand torsionalmodes of the component. The remaining three
accelerometers were located along the centerline of the beam at
distances of 50.8 (2 in.), 101.6, and 203.2 mm from DOF 1, cor-
responding to the DOF 19-21. These three sensors are used in the
estimation of rotational FRFs.

The test setup and the instrumentation for component 2 are es-
sentially the same as for component 1. However, because the length
of component 2 is smaller than that of component 1 by 610 mm,
accelerometers at DOF 18 and 17 do not exist. Also, the two side
accelerometers at the cross section corresponding to DOF 16 are
instead located on the cross section at DOF 14.

For component 1, excitation was applied at two interior DOF, to
allow a reciprocity check to be carried out on the obtained data.
These two interior driving points were selected to be at DOF 6 and
11, the latter one being the main interior driving point. Three other
driving points were located at the support DOF 1, 9, and 17. In
any one test run, simultaneous vertical burst random forces were
applied at two different locations. The limit of two excitations was
dictated by the capability of the available test hardware. Because
the number of excitation locations was greater than two, several
runs had to be performed for each component. Each test run was
performed with an exciter underneath one of the flexible supports
and the other one at the interior driving point of interest. Thus, to
obtain one set of H* related FRFs, three different runs had to be
performed.

For component 2, preliminary tests with different driving point
locations indicated that a force at DOF 12 best excited all modes
of interest; therefore, this DOF was selected as the primary interior
driving point. Two other locations, at DOF 2 and 8, were used as
driving points for the purpose of the reciprocity check.

For each component, additional driving points were located at
DOF 19-21. Test runs were performed with one exciter at one of
these three DOF and the other exciter at one of the other interior
drivingpointsto obtainestimates of rotational FRFs as explainedin a
later section. The rotational FRF functionsare required to determine
the interface rotation element of the mode shapes and for estimation
of the residual flexibility terms needed in calculating the residual
flexibility attachment modes.

An overview of the test setup is shown in Fig. 4. All components
of the flexible supports attached to the test article at DOF 1 and 9
are clearly visible. Also seen are the two exciters located at DOF 11
and 17. The accelerometer cables are visible, although the sensors
are not that discernible.

Data acquisition was performed with two different bandwidths:
0-256 and 0-64 Hz. The upper limit of the first bandwidth was
high enough to include nine bending modes in the rigid-support
configuration. However, the frequency resolution of that bandwidth
was too coarse to obtain a good curve fit to the first two modes,
due to the very low damping of the test articles. In view of this,
the second frequency bandwidth was added, providing a frequency
resolution that was four times higher.

Fig. 4 Overview of modal test setup for component 1 of the free-free
beam.

Derived Data in Rigid-Support Configuration

For both components, the results of the reciprocity checks on
the translational FRFs at the H* level, although not shown here, are
generally very good to excellent, with all of the peaks corresponding
to the bending modes overlapping exactly. This confirms that the
test data are consistent and that the flexible supports have a linear
behavior.

The H* related FRF of component 1 for the force and response at
DOF 11 is shown in Fig. 5. The first nine bending modes in the fre-
quency bandwidthof interestare identified. Observe that the derived
curve is very smooth with all of the modes well defined. The only
minor exceptions are the glitches and a fairly low extraneous peak
around 30 Hz. The other driving point FRFs of both components
were of similar quality.

The interface rotation elements of the mode shapes are obtained
by curve fitting the H* related FRFs involving the response along
the rotational DOF. Because measurement of rotational response is
still difficult, its value must be derived from the measurements of
several translationalresponses near the point of interest. Sattinger'?
shows that Hy,, in which 6 is the rotation at an end of the test article
and the force f is at any location, may be approximated by the
following forward finite difference expression:

Hy y, = (=3H,; +4H,; — H;;)/2A (15)

where H;; is the FRF relating the translational response at point i
to the force at point j and A is the distance between two adjacent
points i and i + 1. In the present case, point 1 is at the component
interface (DOF 1), whereas points 2 and 3 are 1A and 2A away
from the interface, respectively.

To obtain the residual flexibility attachment modes in the hybrid
CMS method, we need the FRFs H,,, and H,,, where w is the
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translational displacement at any point, 6 is the rotation at an in-
terface DOF, and m is the moment applied at that DOF. Based on
Sattinger’s’” work, these two FRFs may be approximated by the
following expressions, where Eq. (17) applies to the special case in
which the rotation and moment are measured along the same DOF:

7513

Hym = (—3H; +4H;; — Hi3)/2A (16)
Hy, ., = OH,, — 12H, +3H3 — 12H,, + 16H»,
—4Hyy + 3Hy, — 4Hy, + Hyy) [4A° a7

Several useful suggestionsfor derivingrotational FRFs have been
proposed by Sestieri et al.'* In particular, they discuss how an ap-
propriate selection of the spacing between measurement points is
crucial in ensuring accuracy of the derived rotational FRFs. The
authors mention that a small spacing (with respect to the nodal dis-
tance of the highest modes considered) makes the rotational FRFs
more precise. However, they add that, the smaller the spacing, the
bigger the influence of noise in the data on the finite difference
computations.

Therotational FRFs H| |, and H}; , , were derivedfrom the finite
difference expressions applied to translational DOF 1, 19, and 20
or 1,20, and 21. The FRFs were of sufficiently good quality for the
estimation of residual flexibility terms.

The translational and rotational H* related FRFs of component 2
of the free—free beam are of similar quality to that exhibited by the
results for component 1.

Estimation of Modal Parameters in Rigid-Support Configuration

917

point but with a frequency bandwidth of 0-256 Hz. The selected
rotational FRF was derived from translational measurements at the
three points separatedby 50.8 mm (DOF 1, 19, and 20). More details
concerning the rotational FRFs are given in Ref. 8.

A comparison of the experimental and analytical frequencies
of component 1 in its rigid-support configuration is presented in
Table 1. The analytical frequencies are obtained from an FE analy-
sis for a model consisting of 34 beam elements of equal length and
with 2 DOF at each node. The physical parameters of the model
were obtained experimentally. The differences between the exper-
imental and analytical frequencies are very small, that is, no more
than 1% for all nine bending modes. Similar results were obtained
for component 2.

The columns of the residual flexibility matrix associated with the
freeinterface DOF, G‘j.a , are required for computing the transformed
component mass matrix as given by Eq. (10). Most advanced com-
mercial software for modal parameter estimation allow extraction
of the residual flexibility terms simultaneously with the determina-
tion of mode shape residues. However, in the present work, they
are estimated separately after determination of the residues using a
method described by Bookout'> and based on work by Rubin.'®

D. Estimation of ¥ and k¥, Through Static Test

Matrices W , and k¥, were derived for each component through
static tests in which the componentbeing tested was attached to the
same flexible supportsas used in the modal tests. The test procedure

Table1 Comparison between experimental and analytical
frequencies, for component 1 of free-free beam
in rigid-support configuration

For component 1, the modal parameters of the first four bending Experimental Analytical
modes were obtained by curve fitting the H* related FRFs with re- Mode frequency, Hz frequency, Hz % Error
spect to the force at DOF 11 and with the frequency bandwidth of 1 10.09 10.14 -0.5
0-64 Hz. Data from all accelerometers,except those at DOF 19-21, 2 15.71 15.81 -0.6
were used. The selected rotational FRF was derived from trans- 3 39.83 40.10 —-0.7
lational measurements at the three points separated by 101.6 mm 4 50.31 50.62 -0.6
(DOF 1, 20,and 21). The rotational FRF correspondingto this spac- 5 86.23 87.08 —1.0
. . 6 102.20 102.90 -0.7
ing was selected becausethe lower spacing of 50.8 mm used later for 7 13760 139.00 _10
the highermodes resulted in rotational FRFs .that were too noisy. On 3 17050 171.80 08
th.e otherhand, the modal parametersofbendlpgmodes 5-9 were Qb- 9 200.50 202.10 _08
tained by curve fitting the H* related FRFs with the same excitation
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Fig. 5 Drive point H* FRF at DOF 11 for component 1 of the free-free beam.
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consisted of three steps: 1) subject the component to Ny (three
for each beam component)linearly independentstatic displacement
shapes along the supported DOF, 2) for each displaced shape, mea-
sure the applied force producing the displacements as well as the
reaction forces at the supports, and 3) measure the translational dis-
placementsat all supportedand interior DOF, with the rotation at the
interface derived from the measured translational displacements.

The tests were performed by disconnecting, in turn, one of the
three flexible supports and applying a series of 9 or 10 different
displacements at the location of the removed support. The displace-
ment was applied through a small cable arrangement attached to
a S-beam load cell fixed to the test article for measurement of the
appliedforce. For eachapplieddisplacement,the correspondingdis-
placements at all supported and free DOF were measured by means
of a digital indicator. The correspondingreaction forces at the other
two flexible supports were also measured by means of an S-beam
load cell.

Measured displacement vs applied load relationships and the re-
action force vs applied load relationships were all consistent and
linear. The line best fitting the 9- or 10-pointdata set was estimated
through linear regression. The slope of the line gave the displace-
ment (or support reaction) per unit applied force. Rotation at the
interface location was estimated through finite difference expres-
sions applied to three equidistant vertical displacements at already
instrumentedinterior DOF, for example, DOF 1, 2, and 3. Measure-
ment along these DOF with a spacing of 305 mm (1 ft), which is
larger than that between DOF 1, 19,20, and 21, is preferred because
the static deformed shape of the test article follows a smooth curve
with a large radius of curvature.

For this simple structure, the test-basedstatic parameters could be
compared with analytical reference values computed by an FE anal-
ysis. The agreement between the two was excellent. More specif-
ically, a majority of the test-based static mode shape elements for
the translational DOF was in error by no more than 1%. In fact, all
translational elements had an error smaller than 2%, except for the
element correspondingto DOF 18, which because of its small mag-
nitude had an error of 5.5%. The maximum error in the rotational
elements was 5.3%.

The constrained coordinate stiffness matrix k7, (size 3 x 3) was
obtained from the measured displacements, applied forces, and re-
actionsusing Eq. (14). Note thatin the presentcase R, (i, i) does not
exist because, before application of a force at DOF i, the support at
that location is removed. The agreementbetween k?, obtained from
measurementsand that obtained from an FE analysis was very good,
with all nine elements of the k¥, matrix having an error smaller than
2%.

E. Test-Based CMS Results

When the modal and static component parameters derived from
test data as discussed in the preceding paragraphs and the hybrid
CMS method were used, estimates were obtained of the system
modal parameters. These estimates were compared with the cor-
responding analytical values. The analytical values were obtained
from the analysis of an FE model of the free—free beam system.

The FE models of the free—free beam system and the two compo-
nents are composed of Bernoulli-Euler beam elements with a length
of 305 mm (1 ft). The models are built using consistent mass matrix
formulation. The system model has a total of 33 nodes. Components
1 and 2 have 18 and 16 nodes, respectively. Because only in-plane
motion is of interest, the initial model of all three structures con-
sisted of two DOF per node. The rotational DOF of these threeinitial
models were condensed out by performing Guyan’s reduction. This
process resulted in final models for which all DOF correspond to
those at which the responses were measured (or derived from mea-
surements as in the case of interface rotations) during component
tests. Each node of the final system model has one DOF, vertical
translation. For each of the final component models, the node lo-
cated at the interface has two DOF: vertical translationand in-plane
rotation; the interior points have only one DOF, vertical translation.
The physical and elastic properties, that is, the width and thickness
of the cross section, the material density, and Young’s modulus, re-

quired in the generation of the FE models were obtained through
measurement, as detailed in Ref. 8.

For a comparison of the two sets of modal parameters, two differ-
ent error measures are defined. The percentage error in frequencies
is given by

ey = (Wg — )/, x 100 (18)

where o, is the frequency approximation obtained from the CMS
and w, is the reference or “exact” frequency obtained from finite
element analysis.

The error measure for the mode shapes is defined as

ol

_ T _
. = [(qoa )" (@, %)} 100 (19)

ol

where ¢, is the mode shape approximation and ¢, is the reference
mode shape.

Errors in the estimated test-based system frequencies are shown
in Fig. 6a for two cases of different numbers of retained component
normal modes. The CMS frequencies are obtained by completely
ignoring the residual flexibility terms. When nine and eight modes
are retained for components 1 and 2, respectively, the system fre-
quency error for the first mode is 4.0%. This is a reasonable value
considering that it is obtained by neglecting the residual flexibility
effects and that the error in computer simulation for the same case
is 2.7%. Note that simulation errors are computed by comparing
the values of modal parameters obtained from the analysis of an
FE model of the complete beam and those obtained from separate
analyses of the two components followed by a component mode
synthesis. For test-based modes 2-9, the frequency errors are quite
small, being no more than 2%.

When only 4 + 3 modes are retained, the frequency errors are
somewhat higher than in the earlier case, as would be expected. The
errorin the first mode of the systemis 6.6%. Althoughnotnegligible,
this value should be viewed in light of the fact that the simulation
error for the same conditionis 5.2%. The frequency errors for modes
2 and 4 are very small, being less than 1%. The error for mode 6 is
also small, less than 2%. The errors for modes 3, 5, and 7 are also
fairly small, less than 5%. Errors in frequency for modes 8 and 9
are still acceptable, being no more than 7% despite that a total of
only seven normal modes are retained at the component level.

The third curve in Fig. 6a, labeled 4+ 3 (w G,,), corresponds
to the case when the test-derived interface residual flexibility term
G, is accounted for but all other residual flexibility terms, G¢ , are
neglected. The error in the first system frequency is reduced from
6.6 t0 2.2%. The error for the third mode is reduced to less than 1%.

The errors in the estimated system mode shapes are shown in
Fig. 6b. As expected, they tend to increase with the order of the
system modes and with a smaller number for the retained normal
modes. For the case of 9 + 8 retained modes, the errors are fairly
small, being no more than about 10% in the first nine modes. When
only 4 + 3 modes are kept, the errors become larger but are still
acceptable for the lower system modes, being no more than 10%
for the first four modes. These errors are very similar to the corre-
sponding simulation values. Evidently the large errors in the higher
modes arise because the number of retained modes is small.

Observe from Fig. 6b that, when the interface residual flexibility
termis included, significant reductionin the errors for system modes
occurs. When 4 + 3 modes are retained and residual flexibility is
taken into account, the error is no more than 4% in the first four
modes. On the basis of these results,and others not presented here, it
couldbe suggestedthat, providedthe residual flexibilityis accounted
for, the number of retained modes in each component should be
about the same as the total number of system modes being sought.

IV. Experimental Verification Based on Tests
on a Free-Free Grid
The tests on the free—free grid structure are described in the
present section. Obviously, the grid structure is more complex than
the free—free beam. This increased complexity arises from 1) the
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Fig. 6a

Errors in frequencies of the free-free beam obtained from CMS with test-based component parameters.
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Fig. 6b Errors in mode shapes of free-free beam obtained from CMS with test-based component parameters.

greater number of flexible supports to which the componenttest ar-
ticles are attached, four instead of three for the beam components;
2) the greater number of free interface DOF, four instead of one;
and 3) the greater uncertainty in obtaining analytical values for the
mass and stiffness matrices. Because the test of the free—free grid
is concerned only with the out-of-plane motion, in-plane displace-
ments and rotations are not included as interface DOF and are not
measured.

A. Test Articles and Boundary Conditions

The grid is designed as a flat structure with 2 main longerons,
10 cross members at right angle, and 8 diagonals, as shown in
Fig. 7. The overalllength of the grid is 5432 mm. The spacing of the
longerons is 1023 mm between outer edges. The grid is produced
by assembling two components of lengths 2751 and 2681 mm, re-
spectively, as identified in Fig. 7. The numbers, from 1 to 58, in
Fig. 7 denote the nodes of the system FE model. This analytical
model was developedto obtain the required mass matrices for CMS
and the reference modal parameters to which the test-based CMS
results are compared. All elements of the grid system are made of
aluminum. The longerons are made of T sections with dimensions
38.10 x 38.10 x 4.8 mm. The stem of the T lies in the plane of the
grid. The cross members and diagonals are made of solid rectangu-
lar bars with dimensionsof 12.7 x 25.4 mm, the smaller dimension

being in the plane of the grid. Connections between the longerons,
cross members, and diagonals are made through an aluminum solid
block to which the individual members are welded.

The grid representspartof a stiffening supportstructurethat could
form the backbone of a radar array appendage of a satellite. It was
built for the Canadian Department of National Defense and trans-
ferred to the Canadian Space Agency for use in its ongoing research
and developmentprojects.

For the purpose of testing, each component of the grid was sup-
ported by four flexible supports attached to the solid blocks of
the components, at the two blocks located at component interfaces
(nodes 28 and 31 in Fig. 7) and at two other blocks located one bay
before the opposite end of the component, that is, at nodes 8 and 10
for component 1 and at nodes 49 and 51 for component 2.

B. Estimation of H* Through Modal Testing
Test Description and Instrumentation

The test setup, instrumentation and data acquisition procedures
were exactly the same for both components. Figure 8 shows com-
ponent 1. The numbers in Fig. 8 indicate the locations of the trans-
lational DOF used for response measurements. Locations 1 and 2
representthe two nodes constitutingthe interface. The interfacecon-
sists of six DOF: four free rotational DOF (two at each node), and
two vertical fixed DOF.
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Fig. 8 Location and numbering of DOF for both components of the grid structure.

For the modal tests, one accelerometer was fixed vertically on
the upper surface of the grid at each of the 26 locations shown in
Fig. 8 on the longerons, the cross members, and the solid blocks,
including those at the supported DOF. Rotational FRFs at the two
interface locations (DOF 1 and 2) were obtained from translational
FRFs using the method of simple difference and measurements at
two locations on a solid block, which could be considered as being
essentially rigid. To this end, two accelerometers were added on
the upper face of each of the two solid blocks, the corresponding
locations denoted as 101 and 201 on block at node 1 and 102 and
202 on block at node 2.

Two locations were selected for the main interior driving points,
namely, DOF 4 and 15. Between them, the two driving points suffi-
ciently excite each mode of interest. The four supported DOF con-
stituted additional driving points, as required for the derivation of
the H* related FRFs. Also, excitation had to be applied at DOF
101,102,201, and 202 to derive the FRFs correspondingto the four
interface moments.

Data acquisition with a single frequency bandwidth of 0-128 Hz
was sufficient to obtain the first 15 global modes of the component
in the rigid-support configuration. The requirement related to the
application of excitation at the 10 driving points identified in the
preceding paragraph meant that a total of 5 runs had to be carried
out, each with 2 exciters at different locations. Figure 9 shows an
overview of the test setup with the exciterslocated at DOF 2 and 15.

Derived Data in Rigid-Support Configuration

A reciprocity check between DOF 4 and 15 for component 1
showed excellent match, with all of the peaks corresponding to at
least the first 9 bending modes overlapping exactly and any differ-
ences in modes 10 to 15 being quite small. Similar results were
obtained for component 2.

The H* related FRF of component 1 for the force and response
at DOF 4 is shown in Fig. 10. There are 14 of the first 15 global
modes of the component identified with the corresponding peaks.
The curves are very smooth with only a few small glitches and
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extraneous peaks. Some of these anomalies may correspondto local
modes corresponding to in-plane vibration of diagonals and cross
members. However, such in-plane modes are not easily identified
from the present data because all response measurements are made
in the out-of-plane direction only.

As already mentioned, rotational FRFs were derived using the
method of simple difference based on data from two adjacent ac-
celerometers on a single interface block. The eight rotational H*
related FRFs, corresponding to the four interface rotations and the
two driving points, were derived for each component. The matrix
of residual flexibility associated with the interface DOF, G¢,, has

921

dimensions4 by 4. There are 16 H* related FRFs, each with an inter-
face rotation as response and an interface moment as input, required
to determine G, . These FRFs were also obtained from the transla-
tional measurements using the method of simple difference. In fact,
as discussed later, only the diagonal coefficients of G¢, that corre-
spondto the drive pointrotational FRFs, are used in the present work.

Estimation of Modal Parameters in Rigid-Support Configuration

For both components, the poles (containing frequency and damp-
ing values) corresponding to the first 15 modes were obtained by
curve fitting simultaneously the 44 H* related FRFs associated with
the response at the interior DOF and the force at DOF 4 and 15. The
eight rotational FRFs were added for mode shape estimation.

A comparison between the experimental and analytical frequen-
cies of component 2 is presented in Table 2. The analytical values
are obtained from the full FE model of component 2. This model
consists of 6 DOF at each of the nodes shown in Fig. 7. Except for
the case of second mode, which shows an error of 6.3%, all other
errors are less than 5%, most of them being less than 2.5%. The
modes with the highest error (modes 2, 4, and 6) consist mainly of

Table2 Comparison between experimental and analytical
frequencies for component 2 of free-free grid
in rigid-support configuration

Experimental Analytical
Mode frequency, Hz frequency, Hz % Error
1 7.78 7.61 2.2
2 16.84 15.84 6.3
3 18.53 18.10 2.4
4 29.31 28.04 4.5
5 40.09 39.15 2.4
6 51.40 49.40 4.0
7 63.27 63.24 0.0
8 64.79 64.99 -0.3
9 75.31 74.75 0.7
10 86.90 85.07 2.2
11 91.41 91.36 0.1
12 94.97 93.54 1.5
13 100.50 97.10 35
14 101.30 98.48 2.9
15 105.40 101.90 34
Fig. 9 Overview of modal test setup for a grid component.
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overall torsion of the component. A similar comparison for compo-
nent 1 shows slightly betterresults. When the relative complexity of
the test articles and that no model updating has been done based on
test data are considered, the agreement between the experimental
and analytical frequencies is quite good.

C. Estimation of ¥y, and k*, Through Static Test

The procedure used for obtaining ¥ ;, and k¥, through static tests
was similar to that used for the free—free beam. For derivation of
rotationat the interface, an extensionaluminumbar with rectangular
cross section was fixed in succession in two orthogonal directions
at each of DOF 1 and 2. Vertical displacements were measured at
three equidistant points on the bar separated by 279 mm. Several
estimates of rotations were then made using simple difference and
finite difference expressions.

The estimated test-based static parameters were compared with
their reference values computed from an FE model. The match be-
tween the two sets of values was very good.

D. Test-Based CMS Results

The hybrid CMS method was implemented using the modal and
static component parameters derived from test data as described in
the precedingparagraphs.The estimated approximatesystemmodal
parameters are compared here with the correspondingreference pa-

rameters. The reference parameters are obtained from the analysis
of an FE model of the grid structure. This model consists of beam
elements and lumped mass elements representing the rigid blocks.
The full model consists of 58 nodes having 6 DOF at each node.
By the use of static condensationand Guyan’s reduction, the model
is reduced to 50 active nodes with one DOF per node (out-of-plane
translation). These active DOF correspond to the locations and di-
rection of the response measurements made during the tests.

The errors in the estimated system frequencies are shown in
Fig. 11a for two cases of different numbers of retained component
normal modes. The CMS frequencies are first obtained by com-
pletely ignoring the residual flexibility terms. When 15 modes are
retained for each component, the errors in system frequencies for
all of the modes, except the first one, are reasonably small, being no
more than 6.5% as seen in the curve labeled 15 + 15. The error for
the first mode looks a bit large at 11.2%. However, when it is con-
sidered that the residual flexibility has been completely neglected
and that the error in the corresponding simulation value, not shown
here, is 6.6%, the test-based results may be considered acceptable.
When only 6 + 6 modes are retained, the frequency errors become
quite high, with only two of the nine modes having an error less
than 10% and five modes having an error higher than 20%. How-
ever, except for the first mode, the levels of error are fairly similar
to the corresponding values obtained from a simulation.
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system mode number

Fig. 11a Errors in frequencies of the grid system structure obtained from CMS with test-based component parameters.
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Fig. 11b Errors in mode shapes of the grid structure obtained from CMS with test-based component parameters.
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The two curves of Fig. 11a identified with the additional w G,
represent the case for which the residual terms of G¢, are accounted
for. In fact, only the diagonal terms (drive points) of the two 4 x 4
matrices are used. From the curve labeled 15 + 15 (w G,,), itis seen
that the frequency error for the first mode has been reduced from
11.2to 1.1%. The errors for modes 1, 3, 5, and 7, which correspond
to the first four bending modes of the system, are all less than 2%.
The frequency errors for modes 2, 4, 6, and 8, which are mainly
torsion modes, vary between 2.5 and 4.4%. For the case when only
6 4+ 6 modes are retained but the four residual terms are included,
a significant drop in errors is observed when compared to the case
for which the 6 + 6 modes are used without residual flexibility. The
errors for six of the first nine modes are seen to be less than 5%, and
errors for the other three modes are less than 7.5%.

The errors in the estimated system mode shapes obtained from
test-based CMS are shown in Fig. 11b. When 154 15 modes are
retained, the errors in the first 4 modes for both cases, those with
and without residual flexibilities, are quite small. In fact, six of the
eightvalueshaveanerrorofless than5%, whereas the othertwo have
errors below 9%. The errors for modes 5 and 6 are also acceptable,
lying between 13 and 18%. The error for modes 7 and 8 for the case
without residuals is quite large, being about 40%. However, the
error is not much larger than the corresponding simulation values,
which is about 33%. The mode shape errors for mode 9 are also
quite large, at 26 and 34%. However, these errors are lower than
the corresponding simulation value, which is 39%. For four modes,
inclusionofresidual flexibility terms leads to a significant reduction
in the errors.

From Fig. 11b, it is seen that, for the case when 6 + 6 modes
are kept without accounting for residual flexibility, the shape errors
are quite large for all modes, except for modes 3 and 4, for which
the errors are acceptable at about 13%. Computer simulation shows
errors of similar magnitudes. Evidently, these large errors arise, at
least partly, because the number of retained modes is small. When
the estimated residual terms are taken into account, the errors drop
significantly for all modes.

Note that only 4 of the 16 coefficients of G¢, are sufficient to
obtain considerablereduction in the errors. The off-diagonal terms
could also be added. However, such addition does not result in any
significant improvement. Besides, experimental determination of
reasonablyaccurate values of the off-diagonalterms is quite difficult
because they are associated with the transfer FRFs that is, different
DOF for input and response, as opposed to drive point FRFs.

V. Summary

A new test-based method developedby the authors for estimating
the frequenciesand mode shapes of a large structureby synthesizing
the characteristics of its components is described. The component
characteristics used in the method consist of rigid-support normal
modes, residual-flexibility attachmentmodes, and constraintmodes.
These characteristicsare derived from modal and static tests on the
components, which are held by supports of arbitrary stiffness. This
procedureeliminates the need for providingeither very flexible sup-
ports or completely rigid supports, both of which pose considerable
practical difficulty, especially for large flexible space structures.

Results obtained from tests on two components of a free—free
beam and a free—free grid structure are presented to demonstrate
the effectivenessof the method. The errors in the frequencies of the
free—free beam obtained by the test-based component mode synthe-
sis are no more than 4% for the first nine modes when eight and
nine component normal modes are retained and all residual flexi-
bility terms are neglected. For the more complex grid system, the
frequency errors for the first 9 modes are less than 5% when 15
normal modes are retained for each component and only part of the
residual flexibility terms are accounted for.

The test results confirm the prediction based on simulation that
the inclusion of residual flexibility terms always reduces the er-
rors in the derived system parameters. The level of improvement

depends on the characteristics of the structure being tested. Note
that, when the residual flexibility terms are included, the test-based
hybrid CMS method provides reasonably accurate estimates of the
lowest frequencies and mode shapes, equal in number to the mini-
mum number of measured componentfrequenciesand mode shapes.

In summary, the test results reported here confirm the validity
and effectiveness of the proposed test-based hybrid CMS method
in obtaining the vibration characteristics of a system. The main
application of the method is to systems that are large in size, so
that the modal testing of the complete system is impractical. In fact,
it is well known that, for large systems that are assembled from
components manufactured at different sites, the CMS presents a
special advantage. Obviously, the success of the procedure depends
on how accurately the component frequencies and mode shapes
can be measured. Modal testing of complex systems presents many
challenges, but this is as true of measurements at the system level
as it is at the component level.
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